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Abstract. The symmetric SL-mode and asymmetric lumped (S1 + S2)-mode fission cross-sections of
235U(n, F) and 233U(n, F) reactions are calculated up to En = 200MeV within a statistical model. For
each U nuclide, emerging in (n, xnf) reactions a separate triaxial outer fission barrier is assumed for the
SL-mode. To reproduce the measured branching ratio of symmetric and asymmetric fission events for the
238U(n, F) reaction, more fissions coming from neutron-deficient nuclei were assumed. The damping of the
triaxial collective modes contribution to the level density at the SL-mode outer saddle was essential for
the branching ratio description. These assumptions allow to reproduce observed fission cross-sections of
235U(n, F) and 233U(n, F) reactions. The calculated branching ratio sensitivity to the target nuclide fissility
is investigated.

PACS. 24.10.Pa Thermal and statistical models – 25.85.Ec Neutron-induced fission – 24.75.+i General
properties of fission

1 Introduction

In the neutron-induced fission reaction of actinides when
the incident neutron energy is higher than the emissive
fission threshold, pre-saddle (n, xnf) neutrons might be
emitted. This happens before the fissioning nuclide reaches
the outer saddle point of the double-humped fission bar-
rier [1]. This peculiarity much complicates the interpre-
tation of the fission observables, since they correspond to
an ensemble of fissioning actinide nuclides. Pre-scission
neutrons might be emitted also during saddle-to-scission
transition. However, the contribution of these neutrons is
relatively lower than that of the pre-saddle neutrons. For
the 238U(n, xnf) fission reaction at En ∼ 200 MeV the
number of nuclides contributing to the fission observables
might be ∼ 20 [2]. That means the mass and excitation
energy of the actual fissioning nuclide are not known ex-
actly. On the other hand, the fission fragments, formed
after scission, could emerge in, at least, “two-mode” fis-
sion process, i.e., symmetric and asymmetric mass divi-
sion may take place [3,4]. Superlong (SL) mode fission
cross-sections [5,6] of 235U(n, f)sym and 238U(n, f)sym fis-
sion reactions, related to the symmetric scission, were re-
produced recently within a Hauser-Feshbach statistical
model [7] for incident neutron energies below the emis-
sive fission thresholds. The double-humped fission bar-
rier model [1] was employed previously for the analysis
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of the fission probability of Ac and Ra nuclei [8,9]. It
was concluded that symmetric fission “involves a sepa-
rate outer barrier, which is assumed to be axially asym-
metric”. In case of U nuclei, different threshold energies
of the symmetric and asymmetric fission also could be
correlated with the heights of the outer saddle points of
the double-humped fission barrier. The shape of the fis-
sioning nuclide at the saddle point strongly influences the
energy dependence of either symmetric and asymmetric
calculated fission cross-sections. A separate outer barrier
B was assumed for the SL-mode, while a common inner
barrier A was assumed for the symmetric SL- and lumped
asymmetric (S1+S2)-mode. This assumption is supported
by the fission mode calculations [10,11] using the multi-
modal random-neck rupture model [3]. The SL-mode fis-
sion cross-section is controlled by rather high outer fission
barrier EfBSL with significant transparency, defined by the
curvature parameter �ωfBSL. The outer saddle point B tri-
axiality and mass symmetry lead to a steeper increase of
the symmetric fission cross-section. The outer saddles for
asymmetric S1- and S2-modes were assumed axially sym-
metric and mass asymmetric. Competition of the symmet-
ric and asymmetric fission of the 234U nuclide was investi-
gated recently by Moller et al. [4] by modelling the multi-
dimensional potential energy surface in a shell correction
model.

We will assume that the ensemble of U nuclides, which
might emerge after emission of x pre-saddle neutrons,
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contributes to the symmetric and asymmetric fission re-
actions. We will denote the neutron-induced fission re-
action as (n, F), to distinguish it from the non-emissive
(first-chance) fission reaction (n, f). The branching ratio
of the symmetric fission events to the observed fission
events rsym = σnFSL/(σnFSL + σnF(S1+S2)) was obtained
for 238U(n, F) reaction by Zoller et al. [12] for En up to ∼
500 MeV. The branching ratio for the 238U(n, F) reaction
was obtained from the deduced yield distributions of the
primary fission fragments and their average total kinetic
energies 〈TKE〉, measured as a function of mass. The ob-
served 238U(n, F) fission cross-section data [13,14] were
reproduced recently [15] in a fission/neutron evaporation
approximation up to En ∼ 200 MeV. The present statisti-
cal model calculations of fission reaction cross-section as-
sume fission/neutron evaporation competition during the
decay of the excited compound nucleus, which is formed
after first-chance emission of the pre-equilibrium (PE)
neutron [16], treated with a simple version of the exciton
model [17,18]. The equilibration process is treated with a
set of master equations, describing the evolution of the ex-
cited nucleus states, classified by the number of particles
plus holes [16]. Damping of the collective modes contri-
bution to the level density at excitations U � 20 MeV for
axial symmetric saddle and equilibrium deformations [19]
is essential for the 238U(n, F) data fit. Recently the branch-
ing ratio rsym for the 238U(n, F) reaction was reproduced
up to En ∼ 200 MeV [2]. It was shown that the branch-
ing ratio rsym is much dependent also on the damping of
the triaxial deformations influence on the level densities
for the outer SL-mode saddles [2]. However, the branch-
ing ratio rsym turned out to be even more dependent on
the emissive fission chances contributions to the observed
cross-section. Description of the rsym ratio data by Zoller
et al. [12] favours the predominant contribution to the ob-
served fission cross-section of emissive fission chances with
higher number x of pre-saddle neutrons. With increase of
the target nuclide fissility the number x of pre-fission neu-
trons might somewhat decrease.

We will apply the statistical theory approach, tested
by the description of the 238U(n, F) observed fission cross-
section and the branching ratio of symmetric/asymmetric
fission, for the 235U(n, F) and 233U(n, F) observed fis-
sion cross-section data description. We will predict
also 235U(n, F)sym, 233U(n, F)sym and 235U(n, F)asym,
233U(n, F)asym fission cross-sections. The advantage of
this procedure is that no additional parameters are used,
except those already fixed by the description of the
238U(n, F) observed fission cross-section and branching ra-
tio of symmetric/asymmetric fission.

2 Statistical model

The detailed description of the statistical model for the
symmetric/asymmetric fission cross-section calculation in
the emissive fission domain is given elsewhere [2]. Be-
low a brief outline of the model is given. We assume
that the emissive fissions come from a chain of U nu-
clei. This means that only PE-emission/evaporation of

neutrons is allowed [16]. For incident neutron energies up
to En ∼ 20 MeV the partitioning of the observed fission
cross-section into emissive fission chances could be accom-
plished quite unambiguously in case of the 238U(n, F) re-
action. It was shown in [20], that consistent description of
(n, F), (n, 2n), (n, 3n) reaction cross-sections and prompt
fission neutron spectra could be achieved within a conve-
nient statistical model. A coupled channel model, fitting
238U total data [21] up to En ∼ 200 MeV is employed for
the neutron transmission coefficients calculation. The SL-
mode contribution to the observed fission cross-section,
coming from the (n, xnf) fission reactions could be calcu-
lated using the fission probability P Jπ

fSLx(U) of the sym-
metric scission of fissioning x-th nucleus,

σnFSL(En) = σnfSL(En) +
X∑

x=1

∑
Jπ

∫ Umax
x+1

0

W Jπ
x+1(U)

×P Jπ
fSL(x+1)(U)dU, (1)

W Jπ
x (U) is the population of the (x + 1)-th nucleus,

emerged after emission of x neutrons, at the excitation
energy U . The excitation energy Umax

x+1 depends on the in-
cident neutron energy En and the energy, removed by the
pre-saddle evaporated neutrons, i.e., binding and kinetic
energies. We do not take into account the charged-particle
emission, for justification see discussion in [2]. The behav-
ior of the first-chance fission cross-section σnfSL is obvi-
ously related to the energy dependence of the first-chance
fission probability PnfSL of the composite A + 1 nuclide:

σnfSL = σr(1 − q(En))PnfSL, (2)

q(En) being the contribution of the first neutron pre-
equilibrium emission. The first-chance fission probability
PnfSL depends only on the level densities ρ(U, J, π) of the
fissioning A + 1 and the residual A uranium nuclides. For
more details about the first-chance fission cross-section
σnfSL modelling see [7] and references therein. Lumped
contribution to the observed fission cross-section of the
asymmetric fission (S1+S2)-modes could be defined in an
analogous way.

The nuclear level density ρ(U, J, π) is represented as
the factorized contribution of the quasiparticle and collec-
tive states [22] as

ρ(U, J, π) = Krot(U)Kvib(U)ρqp(U, J, π), (3)

quasiparticle level densities ρqp(U, J, π) were calculated
with a phenomenological model by Ignatyuk et al. [23],
where Krot(U, J) and Kvib(U) are factors of the rotational
and vibrational enhancement. At saddle and ground-state
deformations factor Krot(U) is defined by the deforma-
tion order of symmetry, adopted from the shell correction
model calculations [24]. At excitations U ≥ Ur, damping
of the rotational modes was anticipated [25]. The damping
might be different for the axially symmetric and triaxial
nuclei [19], i.e.

Ksym
rot (U) =

(
σ2
⊥ − 1

)
F (U) + 1, (4)

Kasym
rot (U) = Kax

rot(U)
((

2
√

2πσ‖ − 1
)
F (U) + 1

)
, (5)

F (U) = (1 + exp(U − Ur)/dr)−1. (6)
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Here, σ2
‖ and σ2

⊥ are spin distribution parameters. The
mass asymmetry for the S1(S2)-modes at outer saddles
doubles the rotational enhancement factors as defined by
eqs. (4), (5). The shell effects in level density are mod-
elled with the shell correction δW dependence of the
a-parameter as recommended by Ignatyuk et al. [23]:
a = a(U) = ã(1 + δWf(Ũ)/(Ũ)). The value of the main
a-parameter is defined by fitting the neutron resonance
spacing 〈Dobs〉 or systematics [26] for the U nuclei: ã/A =
−0.1798 + 0.0012A. We assume that ãn = ãf , then af/an

ratio would depend on the shell correction values δWf(n).
The respective values are taken from [27] (δWn) and [28]
(δWf). We assume a rather strong damping of the axial
symmetric rotational mode contribution Ksym

rot (U) both at
equilibrium and saddle deformation, i.e. the parameters
used in eq. (6) are Ur = 20 MeV and dr = 5 MeV. For tri-
axial damping modelling, i.e., to calculate Kasym

rot (U), the
parameters of eq. (6) are Ur = 30 MeV and dr = 10 MeV.
For more details see previous papers [2,7].

3 Analysis

The observed fission cross-section σnF = σnFSL +
σnF(S1+S2) depends on the contributions of the emis-
sive fission to both symmetric σnFSL and asymmetric
σnF(S1+S2) fission terms. These contributions are strongly
dependent on the asymptotic value ãf(A) of the af pa-
rameter of U nuclei, which is used for the calculation of
the fission probabilities P Jπ

f(x+1)(U). The branching ratio
rsym depends on both the contributions of the emissive fis-
sion chances. Damping of the triaxial collective modes for
the SL-mode fission was introduced to fit the measured
data trend for the 238U(n, F) reaction. Contributions of
the emissive fission chances to the observed fission cross-
section σnF are affected by the asymptotic value of the af

parameter, decreasing with energy as

ãf(U,A) = ãf(A)

(
1 − 0.1

(
U − 20

U

)1/4
)

. (7)

This decrease of ãf(U,A) leads to a major redistribution
of the contributions of chance fission reactions to the ob-
served fission cross-sections. The SL-mode outer fission
barrier B parameters for the 239U and 236U fissioning nu-
clei were derived to be higher than those of asymmetric
modes, i.e. (EfBSL−EfBS1(S2)) ∼ 3.5 MeV, while �ωBSL =
2.25 MeV [7]. The contributions of the lower mass U nu-
clides via the (n, xnf) reaction to the observed symmet-
ric fission might be obtained assuming for each of them
the same difference of the outer barriers for symmetric SL
and asymmetric fission S1(S2)-modes. The shell correction
values are defined as (δWfBSL − δWfBS1(S2)) ∼ 3.5 MeV,
for the asymmetric mode fission δWfBS1(S2) ∼ 0.6 MeV is
assumed [28]. The assumption that the difference of the
mass-symmetric and mass-asymmetric fission barriers for
uranium nuclei does not vary with the neutron number
might seem excessively crude (see Schmidt et al. [29]),
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Fig. 1. 235U(n, F) cross-section. The dashed lines show asym-
metric fission cross-sections; the solid lines show symmetric fis-
sion cross-sections; the dot-dashed line shows the sum of sym-
metric and asymmetric fission cross-sections. The asymptotic
value ãf(U, A) of the af parameter is employed (eq. (6)), triaxial
damping at the outer SL-mode saddle is assumed (eqs. (3)-(5)).

however, we believe that the anticipated weak isotopic de-
pendence of (EfBSL −EfBS1(S2)) could be compensated by
slight variation of the asymptotic value of the af parame-
ter (see eq. (7)). Uranium inner and outer fission barrier
parameters relevant for the asymmetric fission, for the sad-
dle asymmetries predicted by SCM calculations [24], were
defined in [30,31]. This simple systematics of level density
and fission barrier parameters for the U nuclides allowed
to reproduce the observed 238U(n, F) fission cross-section
and the symmetric/asymmetric branching ratio rsym. The
same approach would be applied to describe neutron-
induced fission cross-sections of 233U and 235U target nu-
clides for incident neutron energies up to 200 MeV.

3.1 235U(n, f)

Figure 1 shows the calculated symmetric 235U(n, F)sym,
asymmetric 235U(n, F)asym and symmetric + asymmetric
235U(n, F) fission cross-sections. The damping of axial
deformations with Ur = 20 MeV and dr = 5 MeV
and the damping of triaxial deformations with Ur =
30 MeV and dr = 10 MeV (eqs. (4)-(6)) at outer SL-mode
saddles are assumed. The energy-dependent asymptotic
value ãf(U,A) of the af parameter (see eq. (7)) is em-
ployed. The measured data by Lisowski et al. [13] for
the 235U(n, F) reaction are compatible with earlier mea-
sured data by Poenitz [32], Czirr and Sidhu [33] and
Leugers et al. [34], which span the incident neutron energy
range En � 20 MeV. The set of solid line curves shows
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Fig. 2. 233U(n, F) cross-section, same as in fig. 1.

235U(n, F)sym and 235U(n, xnf)sym cross-sections, while
the dashed lines show those for the asymmetric neutron-
induced fission of the 235U target nuclide. The sum of
symmetric 235U(n, F)sym and asymmetric 235U(n, F)asym

fission reaction cross-sections (dash-dotted line) is quite
compatible with the observed fission cross-section data for
the 235U(n, F) reaction up to En ∼ 200 MeV.

3.2 233U(n, f)

The fissility of the 234U nuclide is much higher that that of
236U. Figure 2 shows symmetric 233U(n, F)sym, asymmet-
ric 233U(n, F)asym and symmetric+asymmetric 233U(n, F)
fission cross-sections. The lines in fig. 2 have the same
meanings as those in fig. 1. There are quite a number of
measured data for the 233U(n, F) reaction cross-section,
most of them span the incident neutron energy range
En � 20 MeV, except recent data by Shcherbakov et
al. [14], measured relative to the 235U(n, f) reaction cross-
section. However, original data by Shcherbakov et al. [14]
are systematically (by 5–10%) higher than most of the
available neutron-induced fission data for En � 20 MeV.
For clarity, we showed in fig. 2 only measured data by Carl-
son and Behrens [35], measured relative to the 235U(n, f)
cross-section, and absolute data by Dushin et al. [36],
Adamov et al. [37] and Zasadny et al. [38] at En ∼ 15 MeV.
Data by Shcherbakov et al. [14] are shown normalized to
the absolute 233U(n, F) fission data by Kalinin et al. [39]
at En = 1.9 MeV. Sum of the calculated 233U(n, F)sym and
233U(n, F)asym reaction cross-sections (dash-dotted line) is
quite compatible up to En ∼ 200 MeV with the observed
fission cross-section of 233U(n, F) reaction up to En ∼
20 MeV and with re-normalized data by Shcherbakov et
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Fig. 3. Branching ratio rsym of symmetric to symmetric
plus asymmetric fission events of the 233U(n, F) (solid line),
235U(n, F) (dashed line) and 238U(n, F) reaction (dot-dashed
line). Symbols show measured data by Zoller et al. [12] and
Vives et al. [6] for 238U(n, f), Hambsch [5] for 235U(n, f). Solid
and dashed lines correspond to the energy-dependent asymp-
totic value ãf(U, A) of the af parameter, defined using eq. (6);
damping of triaxial deformations (eqs. (3)-(5)) is assumed.

al. [14]. Measured 233U(n, F) fission data [14], normal-
ized to absolute 233U(n, F) fission data by Kalinin et
al. [39] at En = 1.9 MeV are consistent also with the
absolute data by Adamov et al. [37] at En ∼ 15 MeV.
Uranium nuclei, which give predominant contribution to
the 233U(n, F) reaction cross-section, are also important
for the description of the 235U(n, F) and 238U(n, F) ob-
served fission cross-sections. In other words, relevant fis-
sion barrier and level density parameters are already tuned
to reproduce 235U(n, F) and 238U(n, F) data. It could be
argued also that our estimate of the 233U(n, F) observed
fission cross-section is a theoretical prediction for incident
neutron energies higher than En � 20 MeV.

3.3 Branching ratio

The relative contributions of symmetric σsym
nF and asym-

metric σasym
nF modes to the observed fission cross-section

σnF could be controlled by comparing the calculated
branching ratio rsym with measured data. In addition to
the ratio data for the 238U(n, F) reaction by Zoller et
al. [12] (see fig. 3), there are measured data by Hambsch [5]
for the 238U(n, f) and Vives et al. [6] for the 235U(n, f) re-
action below the emissive fission thresholds. The relative
contributions of fission chances with low and high number
of the pre-fission neutrons strongly influence the energy
dependence of the calculated rsym at En � 25 MeV. When
the energy-dependent asymptotic ãf(U,A) of af parame-
ter is employed (see eq. (7)), higher fission chances give
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Fig. 4. Emissive chance fission distributions for
233U(n, xnf)sym+asym (dot-dashed line), 235U(n, xnf)sym+asym

(solid lines) and 238U(n, F)sym+asym (dashed lines) reactions
for the energy-dependent asymptotic value ãf(U, A) of the
af parameter (see eq. (6)). Triaxial damping at the outer
SL-mode saddle is assumed (eqs. (3)-(5)).

predominant contribution to the observed fission cross-
section. “Triaxial damping” of the collective modes con-
tribution to the level density allowed to reproduce the
measured data by Zoller et al. [12] for 238U(n, F) at
En � 10 MeV; at lower energies the data are claimed to be
too high by the authors [12] themselves. Below the emis-
sive fission threshold there is a systematic difference of the
branching ratio data by Hambsch [5] for 238U(n, f) and
Vives et al. [6] for 235U(n, f). The branching ratio for the
233U(n, f) reaction, caculated with fission barrier and level
density parameter systematics is at the intermediate level.

The calculated branching ratios rsym for 233U(n, F),
235U(n, F) and 238U(n, F) reactions exhibit different
shapes around relevant 233(235,238)U(n, nf) reaction thresh-
olds. A strong dip is predicted for the 238U(n, F) reac-
tion, a similar dip, but of lower amplitude, appears for
the 235U(n, F) reaction, while it almost disappears in case
of the 233U(n, F) reaction. These peculiarities are due to
the different competition of the symmetric U(n, F)sym and
asymmetric U(n, F)asym fission reactions, since the fission
thresholds of the symmetric fission modes are higher as
compared with those of the asymmetric fission. At inci-
dent neutron energies in the range of 25 � En � 60 MeV
symmetric fission gives the highest contribution to the ob-
served fission cross-section in case of 233U(n, F) reaction,
but the lowest in case of 238U(n, F) reaction. This effect
might be explained by different emissive fission contribu-
tions to the (n, F)asym and (n, F)sym reactions in case of
233U(n, F), 235U(n, F) and 238U(n, F) reactions. Emissive
fission chances distributions for the different target nuclei
are compared in fig. 4. It shows that the contribution of the

lower fission chances, i.e., chances with lower number of
pre-saddle neutrons at incident neutron energies En = 50,
100 and 200 MeV is the highest in case of 233U target,
but the lowest in case of 238U target. In summary, the
different shapes of branching ratios rsym for 233U(n, F),
235U(n, F) and 238U(n, F) reactions for En � 60 MeV
might be attributed to the higher contributions of lower
fission chances in case of higher target nuclide fissility; for
higher energies they do not differ much.

4 Conclusions

The damping of the axial collective modes contribution to
the level density both for inner and outer saddles and equi-
librium deformations as well as the triaxial damping at the
SL-mode outer saddle, produce symmetric/asymmetric
emissive fission partitioning of 238U(n, F), 235U(n, F) and
233U(n, F) reaction cross-sections. This is based on the
consistent description of observed fission cross-sections
and symmetric fission branching ratio for the 238U(n, F)
reaction. The present estimate of the energy-dependent
level density parameter at saddle deformations is equiv-
alent to more fission events at lower intrinsic excitation
energies, or more fission events coming from the neutron-
deficient U nuclei, i.e. from higher fission chances. The
damping of triaxial collective modes contributions at the
outer SL-mode saddle is equivalent to less symmetric fis-
sion events at higher excitation energy and more symmet-
ric fission from neutron-deficient isotopes, as compared
with the “no triaxial damping” case. The dependence of
the symmetric fission branching ratio on the target nuclide
fissility is interpreted as being due to the higher contribu-
tion of the lower fission chances in case of higher target
nuclide fissilities. At the other extreme of the lower fissility
target nuclei there are measured data for the 232Th(n, F)
reaction [14]. It turns out that the description of the ob-
served fission cross-section also could be attained only in
the case when more fissions come from neutron-deficient
Th nuclei, i.e. from higher fission chances. In the oppo-
site case the calculated 232Th(n, F) fission cross-section
would remain much higher than the measured data. The
dependence of the symmetric fission branching ratio on
the incident particle also could be explored within the
present approach. The analysis of the proton-induced fis-
sion cross-section of the 238U(p, F) reaction could be a
viable candidate, relevant fission barrier and level density
parameters of Np nuclei could be fixed to a large extent
by the description of the 237Np(n, F) data by Scherbakov
et al. [14]. Summarizing, we might argue that a consistent
description of the measured Th, U, Np and Pu neutron-
induced fission cross-section data and measured symmet-
ric fission branching ratio for the 238U(n, F) reaction could
be accomplished within the present statistical model.

It would be of much interest also to estimate the proba-
bility of symmetric fission in the 235U(n, F) reaction [40] as
a function of the internal excitation energy of the fission-
ing nuclei in the emissive fission domain. To accomplish
that we should calculate exclusive 235U(n, xnf) reaction
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neutron spectra. These problems would be addressed as
an extension of the present work.

This work was supported by International Science and Tech-
nology Center under the Project B-404 “Actinide Nuclear Data
Evaluation”, Funding Party Japan, and International Atomic
Energy Agency under Research Contract RC9837.
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